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ABSTRACT
Shear stress estimates in the approach and bridge section by using various formula
Jun Seon Lee
Shear stress is the resistance force on top of the contact surface caused by moving flow and is one of the 
important variable in fluid mechanics. Thus, a lot of researches have been conducted to predict accurate 
value of shear stress. However, calculating shear stress with existing equations has several limitations 
because only gradually varied flow and/or uniform flow was considered in their studies. Therefore, direct 
applying those methods into complex flow type, such as around a bridge, to predict shear stress is 
questionable. 
Thus, laboratory experiments were carried out in a laboratory flume to attack the objective of this research 
which is “analyzing shear stress in the complex flow field”. The complex flow was made by construction 
of flow constriction structure in one side of flume, and the effect of three-dimensional flow around the 
constriction structure and back-water effect at the approach section of the structure were replicated in the 
flume. Water depth, velocity, and turbulence characteristics were measured by ADV and the measurements 
were used as input variables for various shear stress formulas. Total seven shear stress formulas are used in 
the analysis. Among them, four formulas using Reynolds stress or Turbulent Kinetic Energy are judged to 
show accurate value of bed shear stress in the approach section. However, for practical purpose, quantifying 
shear stress with Reynolds stress and Turbulent Kinetic Energy is challenging. Therefore, as an alternative 
to parameterizing approach flow fields, parametric coefficient with respect to one equation using velocity 
profile was suggested based on thorough investigation of experimental results, and the modified formulas 
are readily useable for the engineer and researchers to calculate shear stress by using limited amount of 
information. In contrast with approach section, for the three-dimensional flow field, any shear stress 
formulas do not show accurate maximum bed shear stress. The results show that almost of the current shear 
stress formulas derived based on the simplified assumptions cannot capture the characteristics caused by 
complex three-dimensional non-uniform flow combined with the various geometrical properties. Therefore, 
dimensionless shear stress that is ratio between bed shear stress in the approach section and bridge section 
is suggested for analyzing shear stress in the three-dimensional flow field. The result of analyzing of 
dimensionless shear stress shows the proportional relationship with flow constriction structure and 
dimensionless shear stress, which means local acceleration around the bridge increase the bed shear stress. 
As a result of this study, the appropriate shear stress formulas are suggested to calculate bed shear stress in 
the approach section and bed shear stress characteristic is shown with respect to flow constriction.
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11. Introduction
1.1. Background
Shear stress is utilized for various purposes in open channel flow. One good example is estimating of bridge 
scour depth. Based on the US Federal Highway Administration in 1973, more than one thousand bridges
have collapsed over the last 40 years, and the leading cause is bridge scour which has resulted in large 
financial losses. Thus, since 1970, a lot of researches have been conducted to understand the mechanism of 
scour and to predict the scour depth during flooding. Through these studies, they found that shear stress is 
one of important factors to analyze sediment transport around a bridge foundation, but one of the remaining 
challenging problems is “How to calculate shear stress accurately?”
Prediction of shear stress has been focused by many researchers and engineers in various ways, but there 
are some limitations. One of the limitations is that there are few laboratory studies regarding rapidly-varied 
and/or non-uniform flow which is the flow type around bridge foundations such as a pier and an abutment. 
Most of existing studies have considered only a gradually-varied flow and/or uniform flow for predicting 
shear stress (Cardoso et al., 1991; Tu and Graf, 1993; Nezu and Nakagawa, 1993; Nezu et al., 1994; 
Kironoto and Graf, 1995; Song, 1994; Song and Chiew, 2001; Yang, 2005). Another limitation of current 
shear stress formulas is that they use three-dimensional turbulence measurements as input values (Ahmed 
and Rajaratnam, 1998; Rankin and Hires, 2000; Shamloo et al., 2001), which are hard to measure with 
conventional flow measurements devices.
1.2. Purpose
To overcome the limitations that the current shear stress formulas have, in this study, experiments are 
conducted with an artificial shape of bridge abutment in the laboratory. With the measured laboratory data, 
shear stress is calculated with using various existing shear stress formulas in the approach and the bridge 
section, and the results are compared for their validations. Based on the validations process, parametric 
coefficient with respect to an equation is suggested for engineers and researchers to calculate shear stress
by using limited amount of information. Furthermore, characteristic of bed shear stress is analyzed with 
flow contraction.
22. Literature Review
2.1. Theory of shear stress
Shear stress is force per unit area caused by moving flow, and the force result in resistance on top of the 
contact surface. Thus, shear stress is usually used to understand sediment transport, particle mixing and 
rheological flow, and can be predicted by various equations. However, their application in the complex 
flow, for example the flow around the bridge foundation and bridge approach section subjected to 
backwater due to flow contraction, is limited because most of the equations are only valid for gradually-
varied flow and uniform flow. Therefore, current calculation equations should be thoroughly reviewed 
before applying in the complex flow field. 
2.1.1. Various shear stress formulas
Theoretically, shear stress is given by the following equation (Chow, 1959).  
  =  
  
  
Eq. 2.1
Where,  : shear stress,  : dynamic viscosity,  : point velocity in flow direction, and  : distance from the 
boundary.
However, since Eq. 2.1 is only valid for laminar flow in which viscosity is important, other equations 
should be used in turbulent flow. Thus, to predict the shear stress in turbulent flow, theory of momentum 
equation is applied by several researchers including Tu and Graf (1993), Graf and Song (1995), Kironoto 
et al. (1995), Song and Graf (1996), Rowiński et al. (2000), Yang and Lee (2007), Shen and Diplas (2010), 
and Mrokowska et al. (2015), and representative equations are summarized in Table 2.1. However, these 
studies have also limitations when they are used for complex flow because they only considered gradually-
varied flow and logarithmic velocity profile except for Eq. 2.2 and 2.3.
3Table 2.1. Shear stress equations
Methods Shear stress equations Limitations
Reynolds stress    = −   
   ′      
Eq. 
2.2
Need accurate measurement of 
velocity
Reynolds stress  of 
Dey and 
Barbhuiya (2005)
   =      ′ ′      +  ′ ′       
 
+ ( ′ ′      +  ′ ′      )  
 . 
Eq. 
2.3
Need accurate measurement of 
velocity
Von Kármán-
Prandtl equation
   =   ∗
 ;
 ( )
 ∗
=
1
 
    
  +   
  
  +   
Eq. 
2.4
Only for logarithmic velocity 
profile
TKE    = 0.19  
Eq. 
2.5
Valid under local equilibrium in 
the near-wall region
      = 0.9 ( 
  )
Eq. 
2.6
Require linear relationship
among each turbulent intensities
Force balance 
concept
   =     
Eq. 
2.7
Only for steady and uniform 
flow
St. Venant 
equation
   =  ℎ     −
 ℎ
  
(1 −    ) 
Eq. 
2.8
Only for gradually-varied flow
Where,    : bed shear stress,  : density of water,  
 ,    , and  ′: velocity fluctuation in flow direction, 
lateral direction, and vertical direction, respectively,  ,  : subscript for Cartesian directions,  : turbulent 
kinetic energy (=0.5(      +       +        ),  :̅ ensemble or average of x,   : specific weight of water,   : 
hydraulic radius,   : channel slope,   : Froude number,  ∗: shear velocity (=      ⁄ ),  : mean water 
velocity in flow direction,  : Von Karman’s constant, ℎ : total water depth,   : grain roughness scale,   : 
reference bed level (=0.2   ),    : constant value by roughness-geometry characteristics that vary with 
  
 (=k  ∗/ ) in shear stress equation using von Kármán-Prandtl equation,   
 : roughness Reynolds number, 
   (  = 4   ): skin friction coefficient,   : Darcy friction factor, , Local equilibrium: a balanced state 
between generation and dissipation of turbulent kinetic energy, Wall similarity concept: turbulent energy 
production and dissipation are nearly in equilibrium and diffusion is negligible.
4In this study, Eq. 2.2 to 2.8 are used for calculating and analyzing shear stress around the bridge foundation 
and approach section to find their validity in complex flow field induced by flow contraction. As shown in 
Fig. 2.1, these equations can be divided into three groups. The first group (Eq. 2.2, 2.3, and 2.4) is derived
based on Reynolds equation and utilizes Reynolds stress or logarithmic velocity profile for calculating shear 
stress. This group requires advanced measurement devices such as an ADV (acoustic Doppler velocimeter)
that can measure detailed local flow characteristics. The second group (Eq. 2.5 and 2.6) is also derived 
based on Reynolds equation, but utilize TKE (turbulent kinetic energy) or  ′ (turbulent strength) for 
calculating shear stress. The second group also requires accurate measurement devices that can provide 
local turbulent flow data. Third group (Eq. 2.7 and 2.8) is derived based on the force balance concept, and 
utilize water depth and/or mean velocity for calculating shear stress. The third group is usually used by 
engineers because of their simplicity and easier application.
Figure 2.1 Process of deriving shear stress equations and their classification depending on the 
different input variables for calculating shear stress
52.1.2. Shear stress equations using Reynolds stress or logarithmic velocity profile (Eq. 2.2, 2.3, and 
2.4)
1) Shear stress equation using Reynolds stress (Eq. 2.2)
Reynolds stress is one of the most important findings in turbulent flow and consist of velocity fluctuations 
as follows:
Reynolds stress =    ′   ′        Eq. 2.9
As shown in Fig 2.2, because Reynolds stress are a component of stress tensor they can directly represent
turbulent shear stress in the outer layer. However, within the inner layer, Reynolds stress cannot directly 
represent the shear stress because the viscous effect is dominant within the region.
Figure 2.2 Reynolds stress distribution; where,    : turbulent shear stress,    : viscous shear stress
When the i and j refer to flow direction and vertical direction, respectively in Cartesian coordinate system,
Eq. 2.2 is derived based on Reynolds equation in x and z directional components (Eq. 2.11 and 2.12) 
combined with continuity equation (Eq. 2.13) (Nezu and Nakagawa, 1993; Van Rijn, 2011).
  
  
+
  
  
= 0
Eq. 2.10
 
  
  
+  
  
  
=   sin   −
 
  
 
  
 
  +
 
  
 −        +
 
  
 − ′ ′        +  ∇   Eq. 2.11
 
  
  
+  
  
  
= −  cos   −
 
  
 
  
 
  +
 
  
 − ′ ′        +
 
  
 −        +  ∇   Eq. 2.12
Where,    : mean pressure,  : channel bottom slope, ∇ : Laplacian operator.
If Eq. 2.12 is integrated with respect to the z-direction, the equation becomes as follows:
6  
 
= (ℎ −  )  cos   + (  
   −  ′) Eq. 2.13
When the Eq. 2.11 and 2.13 are combined, the shear stress profile in two-dimensional xz plane over the 
depth follows as.
 
 
≡ − ′ ′       +  
  
  
=  ∗
   1 −
 
ℎ
  Eq. 2.14
Close to the bed, mean flow velocity can be equal to zero because of no-slip boundary condition, but the 
vertical turbulent fluctuations are not equal to zero. Thus, shear stress at the bed (  ) in the xz plane is only 
function of remaining variables which is Reynolds stress and Eq. 2.14 becomes as follows at the bed. 
   = −ρ  ′ ′        Eq. 2.15
Bed shear stress in other plane (xy and yz plane) induced by other components of turbulent stress tensors, 
such as ( ′ ′     ) and ( ′ ′      ), can be derived same procedure as above, then, the bed shear stress in three 
direction can be expressed as follow as shown in Eq. 2.2.
   = −ρ −  
   
         Eq. 2.16
Therefore, Eq. 2.2 is only suitable for two-dimensional flow.
2) Shear stress equation using Reynolds stress by Dey and Barbuiya (2005) (Eq. 2.3)
In addition to Reynolds stress in two-dimensional flow, Dey and Barbuiya (2005) included additional stress 
term in their equation to consider turbulent fluctuation along third coordinate. Thus, shear stress equation 
recommended by Dey and Barbhuiya (2005) has another Reynold stress term as follows (Duan, J. G., 2009 
and Dey and Barbhuiya, 2005):
  
  = − ( ′ ′       +  ′ ′     ) Eq. 2.17
  
  = − ( ′ ′       +  ′ ′     )  Eq. 2.18
Where,   
  ,   
 : components of bed shear stress in the flow and lateral directions.
Then, total bed shear stress can be derived as follows:
7   =  (  
 )  +    
  
  Eq. 2.19
Therefore, Eq. 2.3 is a suitable formula even in three-dimensional flow.
3)  Shear stress equation using von Kármán-Prandtl equation (Eq. 2.4)
Eq. 2.4 utilizes vertical velocity profile for calculating shear stress. This equation is derived from the Eq. 
2.2 together with Von Kármán-Prandtl equation. As shown in Fig 2.3, mixing length concept introduced by 
Prandtl (1875-1953) shows a fluid parcel travels over L (mixing length scale) under logarithmic velocity 
profile because of turbulent effect. Eq. 2.20 shows relationship with velocity fluctuation and mixing length 
scale under isotropic turbulence ( ′=  ′=  ′).
   =  
  
  
and    =  
  
  
Eq. 2.20
Where, L = mixing length scale.
Figure 2.3 Schematic of Mixing length theory
When the Eq. 2.20 is combined with Eq. 2.15, the following equations can be derived as follows (Van Rijn, 
2011):
   = −           = −  
 
  
  
 
  
  
  Eq. 2.21
Prandtl defined von Karman constant ( ) as the ratio of mixing length to distance from the bottom. 
8  =
 
 
Eq. 2.22
Eq. 2.21 and 2.22 are used to derive Eq. 2.23 as follows:
  
  
=
 ∗
 
1
 
Eq. 2.23
When Eq. 2.23 is integrated with respect to the z, velocity profile over the depth follows as:
   =  
 ∗
 
  ln   +    Eq. 2.24
Where,    : velocity at the z,   : the constant value by roughness-geometry characteristics.
For the rough bed, Eq. 2.24 has different value of integration constant because bed roughness make an 
effect on the vertical velocity profile, 
   =  
 ∗
 
  ln  
    
  
  +     Eq. 2.25
Figure 2.4 Displacement height
Later, Ligrani and Moffat (1986) suggested a formula for the value of     based on the experimental studies, 
   =
1
 
ln(  
 ) +    + [8.5 −    −
1
 
ln(  
 )] sin  
 
2
    Eq. 2.26
Where,                                                    =
  (  
 / )
  (  / )
for 5<  
 <70
9  = 1 for   
 >70
  = 0 for   
 <5
  : constant value for velocity-profile shift.
As shown in Eq. 2.4, since the derived equation takes a log form, the logarithmic velocity profile is required 
for using Eq. 2.4.
2.1.3. Shear stress equations using TKE or  ′ (Eq. 2.5 and 2.6)
1) Shear stress equation using TKE (Eq. 2.5)
Eq. 2.5 calculates shear stress by using TKE (Turbulent Kinetic Energy) measured closed to the bed. As 
shown in Eq. 2.27, TKE consists of all direction of turbulent strength, and TKE is usually used to define
total strength of turbulence.
  =
 
 
  ′ ′      +  ′ ′      +  ′ ′        Eq. 2.27
Before deriving Eq. 2.5, it requires to find the relationship with shear stress and eddy viscosity. Eddy 
viscosity is used for turbulent flow but considered similar as viscosity in laminar flow. Thus, the 
relationship with turbulent bed shear stress and eddy viscosity can be developed using Eq. 2.1 (viscous 
shear stress equation (   = −  
  
  
)) as,
   = −   
  
  
Eq. 2.28
Where,   : eddy viscosity.
Recently, Galperin et al. (1988) suggest that eddy viscosity is related to the TKE and mixing length scale. 
Then, eddy viscosity can be written as follows:
   =   
 .   =   
  
 
Eq. 2.29
Where,  : dissipate rate,   : experience experimental coefficient.
Then, the turbulent bed shear stress can be derived as,
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   = −   
  
  
= −   
  
 
  
  
Eq. 2.30
As explained in the previous sub-section, turbulent bed shear stress also can be calculated by using Eq. 
2.15. Thus, following equation can be derived (Mathieu and Scott, 2000; Choi et al., 2017), 
−
  
  
=
         
 
=   
 
 
  
  
Eq. 2.31
Eq. 2.31 shows the relationship with TKE and Reynolds stress. To make relation of generation rate of the 
turbulent kinetic energy transport equation with the dissipate rate, Mathieu and Scott (2000) and Choi et al. 
(2017) developed relationship with the generation rate and Reynolds stress as follow; where, the turbulent 
kinetic energy transport equation can be obtained by subtracting Reynolds-averaged momentum equation 
from Navier-Stokes equation.
   = − ′ ′      
  
  
Eq. 2.32
Where,    : generation rate of the turbulent kinetic energy transport equation.
Then, Eq. 2.31 and 2.32 can be used to derive Eq. 2.33. Therefore, Eq. 2.33 shows that the relationship 
with TKE and Reynolds stress is expressed by ratio of the generation rate and dissipate rate.
         
 
=   
 .   
  
 
  Eq. 2.33
In Eq. 2.33, the generation rate and the dissipate rate is the same under the assumption of local equilibrium. 
Therefore, Eq. 2.34 can be,
        
 
=   
 .  Eq. 2.34
Since Reynolds stress can calculate shear stress in Eq. 2.15, shear stress equation can be derived by TKE 
from Eq. 2.34 as follows:
   =      Eq. 2.35
Soulsby and Dyer (1981) applied Eq. 2.35 to the tidal currents and find the value of    =0.21. Later, 
Stapleton and Huntley (1995) adopted    =0.2 under different tidal currents condition. Through the 
relationship of Eq. 2.34 and 2.35, ratio of Reynolds stress and TKE should be a constant. Therefore, in this 
experiments, calculation of ratio between Reynolds stress and TKE is required to confirm the availability 
of Eq. 2.5.
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2) Shear stress equation using  ′ (Eq. 2.6)
Kim et al. (2000) have proposed Eq. 2.6 by using  ′ based on the findings that each component of velocity 
fluctuation has a linear relationship. The advantage of this equation is vertical velocity fluctuation has small 
noise, so it can be calculated shear stress with higher accuracy (Voulgaris and Trowbridge, 1998).
   =     
   Eq. 2.36
In this derivation of Eq. 2.36, ratio of turbulent strength in each other direction should be constant. 
Therefore, in this experiments, calculation of ratio among turbulent strength in each other direction is 
required to confirm availability of Eq. 2.6.
2.1.4. Shear stress equations using mean water depth and mean velocity (Eq. 2.7 and 2.8)
1) Shear stress equation using force balance concept (Eq. 2.7)
Eq. 2.7 is one of the simple methods to calculate turbulent shear stress. In the steady and uniform flow 
under prismatic channel, channel slope is same as the water surface slope. Therefore, the shear stress 
equation is easily derived by the force balance concept as shown in Fig. 2.5.
(a) Side view (b) Front view
Figure 2.5 Schematic of flow in steady and uniform flow
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In Fig 2.5,   (=   ℎ sin  ) is the gravity force per unit area parallel to the bottom slope,    is the 
resistance force per unit area. Due to the both forces are equal, the shear stress equation is derived as follows 
(Chow; 1959; Chanson, 2004-b; Van Rijn, 2011).
  ∆   =   ∆   sin   Eq. 2.37
   =   
 
 
sin  =     sin   Eq. 2.38
Where,  : wetted perimeter,  : area of cross-section,  : hydraulic radius.
If there is assumption that sin   ≅    , Eq. 2.39 is derived as follows:
   =       =      Eq. 2.39
Where,    : friction slope.
In the steady and uniform flow, friction slope same as channel slope; where,    : channel slope. Therefore, 
Eq. 2.40 is derived as follows:
   =         
Eq. 2.40
In order to use Eq. 2.40 (or 2.6), uniform flow assumption is required. However, since uniform flow does 
not occur in this experiment, Eq. 2.40 cannot be applied. Therefore, Eq. 2.40 is just used to compare other 
equations for analysis of shear stress because Eq. 2.40 is one of the simplest equations.
2) Shear stress equation using St. Venant equation (Eq. 2.8)
In non-uniform flow, water surface slope and channel bottom slope cannot be the same due to the 
deceleration or acceleration of the flow. Therefore, shear stress equation derived from uniform flow 
assumption seems to inaccurate estimate in non-uniform flow. Thus, Afzalimehr et al. (2000) used St. 
Venant equation which can successfully predict one-dimensional gradually-varied flow under deceleration 
or acceleration flow conditions together with the force balance concept to suggest shear stress equation
(Eq.2.39). 
Starting from continuity equation (Eq. 2.41) and momentum equations (Eq. 2.42),
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  
  
=
 ( ℎ )
  
=  
 ℎ
  
+ ℎ
  
  
= 0 Eq. 2.41
 
  
  
+  
 ℎ
  
=      −     Eq. 2.42
Afzalimehr et al. (2000) suggested the following shear stress equation, 
   =      =        −
 ℎ
  
(1 −    )  Eq. 2.43
2.1.5. Application example of shear stress
There are various flow phenomena that can be analyzed by using shear stress. Among them, sediment 
transport, particle mixing, and rheology flow are explained below.
1) Sediment transport
Sediment transport is movement of particles by flows. The basic mechanism of sediment transport can be 
explained by critical shear stress that is determined empirically by Shields (1936). If bed shear stress is 
larger than critical shear stress, sediment transport occurs on the bed. Therefore, the calculated shear stress 
is a key variable to determine the occurrence of sediment transport.
2) Particle mixing
Particle mixing is defined as movement of particle in ambient flow. In the mixing length theory with Eq. 
2.29, shear stress equation is derived by mixing length scale that shows the characteristic of particle 
movement as follows:
   = −  
   
  
  
 
 
Eq. 2.44
Therefore, in Eq. 2.44, particle mixing can be analyzed by shear stress.
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3) Rheology flow 
Shear stress is also an important parameter in rheology flow that is expressed by several rheology flow 
model in Fig 2.6. The shear stress does not have linear relationship with shear rate in rheology flow because 
rheological flow is considered as non-Newtonian flow. Based on this feature, shear stress according to the
shear rate can be used to select proper rheology flow model.
Figure 2.6 Classification of rheology flow model with shear stress as a function of shear rate
2.2. Flow characteristics induced by abutments
Abutments cause two different types of flow; gradually-varied flow by backwater in the approach section 
and a rapidly-varied flow around the abutment. In this study, both flow types are considered for the shear 
stress analysis.
2.2.1. Backwater effect in the approach section
Backwater occurs in the approach section when the flow is obstructed by a bridge sub-structure such as 
abutments. When the flow is decelerated due to the back water in the approach section, water depth becomes 
deeper than normal depth causing smaller value of shear stress. Bléanger applied momentum equation 
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where backwater is existed and successfully derived water surface profile. (Van Rijn, 2011). Fig. 2.7 shows 
the schematic diagram that Bléanger used for his analysis. 
Figure 2.7 Schematic of Bléanger equation
As shown in Fig. 2.7, net pressure force per unit width (  ) in the opposite direction of the flow can be 
decided as follows:
   = −   cos     
 ℎ
  
  ∆  Eq. 2.45
There are other forces acting on the control volume; gravity force parallel (Eq. 2.46) and the friction force 
(Eq. 2.47).
   =   ℎ∆  sin   Eq. 2.46
   = −  ∆  Eq. 2.47
Then, based on the Newton’s second law, force equilibrium yields,
Σ   =    +    +    =     = ( ℎΔ )   /   Eq. 2.48
Where,    : the acceleration of the fluid element (  u /  ).
For a small slope, cos   ≅ 1 and sin   ≅ tan   ≅    in Eq. 2.45 and 2.46, respectively. When Eq. 2.48 is 
combined with continuity equation  
 (  )
  
=
   
  
+
   
  
 , Eq. 2.49 is derived as follows:
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   −
  
ℎ
   ℎ
  
=     −
  
 ℎ
Eq. 2.49
Then, Bléanger equation that can be used to calculate water surface slope  
  
  
  is derived as follows:
  
  
=
[    /(       )]  
[    /(  )]
=
[    /(      )]  
[    /(    )]
for    > 0 Eq. 2.50
  
  
=
   /(    )
[    /(  )]
=
  /(     )
[    /(   )]
for    = 0 Eq. 2.51
2.2.2. Rapidly-varied flow around an abutment 
As shown in Fig. 2.8, abutment structure creates flow contraction through the opening leading to higher 
velocity. This causes three-dimensional rapidly-varied flow around the abutment and vorticity at the base 
of the abutment. For this reason, flow contraction causes more complicated flow than the approach flow.
Figure 2.8 Flow structure in the bridge section
  
1) Shear layer
As shown in Fig. 2.9, shear layer is caused by vorticity developed around a structure placed within a flow.
The shear layer occurred near the maximum lateral velocity gradients ((     ⁄ )   ), as shown in Fig 2.10,
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Then, maximum lateral velocity gradients occur near the maximum velocity in Fig 2.11. Therefore, the
distributions of maximum velocity can help to find the location of shear layer.
Figure 2.9 Shear layer and the distribution of the vorticity in the bridge section (Ettema et al. 2010)
Figure 2.10 Shear layer and maximum lateral velocity gradients around structure; dash line is the 
maximum lateral velocity gradients (Savory and Troy, 1988)
2) Lateral average velocity distribution
The lateral average velocity distribution is distributed as shown in the following Fig. 2.11. Around the 
abutment, average velocity is faster than in the approach section because of the flow acceleration, and the 
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corresponding maximum velocity can be found near the abutment. By using this characteristic, the flow 
contraction effect can be represented by using ratio of the discharge per unit width and ratio of velocity 
between the abutment and approach section. This ratio shows as      /  ,   /  ,      /  , and   /  ; 
where,       ,       are maximum discharge per unit width in the approach section and at the upstream 
face of the abutment,   ,    are discharge per unit width in the approach section and at the upstream face
of the abutment,      ,       are maximum velocity in the approach section and at the upstream face of 
the abutment,   ,    are average velocity in the approach section and at the upstream face of the abutment. 
In Chapter 4.2 and Table 4.2, the detailed results are presented about      /  ,   /  ,      /   , and 
  /  .
Figure 2.11 Lateral average velocity distribution and shear layer around the abutment
3) Vorticity
The vorticity is one of the important flow characteristics when turbulent flow passed around the structure.
As shown in Fig. 2.12, the horse shoe vortex occurs at the upstream of the abutment and wrapped around 
the base of abutment. Then, wake vortex occurs along the downstream of the bridge. In this study, the 
measurements of vorticity structure is not performed, but the location of shear layer that can be predicted 
by the maximum velocity in the bridge section.
19
Figure 2.12 Wake vortex around the dike (Kwan et al., 1984)
2.3 Laboratory and numerical studies under the existence of a bridge
This section shows how previous studies deals with shear stress calculation and flow contraction under 
existence of a bridge. Both of the previous laboratory and numerical studies generally use the shear stress 
equations by using TKE and Reynolds stress because these equations have represented the most accurate 
result of shear stress.
Molinas et al. (1998) predicted shear stress around abutments by using a Preston tube. In their 
measurements, vertical velocity profiles follow logarithmic distribution. The result of the study shows that 
the predicted shear stress at the upstream face of the abutment is about three times larger than that of the 
approach section. And also, Ahmed and Rajaratnam (2000) conducted laboratory experiments and also 
predicted shear stress by using logarithmic velocity profile and wall similarity models. In their result, shear 
stress is found to be 3.63 times larger at the nose of the abutment than in the approach section.
Barbhuiya and Dey (2004) measured the flow around the abutment by using ADV and calculated shear 
stress by using Reynolds stress. Their study showed the distribution of turbulence and the distribution of 
velocity vectors. In their results, the distribution of velocity vectors helps to understand the flow
characteristic around the abutment such as distribution of maximum velocity around the abutment.
Biron et al. (2004) used various equations to analyze shear stress around a dike in a laboratory. They found
that the shear stress equation using TKE shows accurate shear stress when they applied into the region 
where the complex flow can be found around the dike. They also suggested that the location of maximum 
shear stress occurs around 0.1 ∗  /ℎ. Furthermore, shear stress increases with increasing roughness. Based 
on their results, the location of maximum shear stress can be predicted.
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Recently, Dey et al. (2005) used ADV to predict shear stress around an abutment, and proposed shear stress 
equation (Eq. 2.3). Result of their study shows the location of large value of TKE around the abutment.
Similarly, Duan (2009) calculated shear stress by using Reynolds stress that is measured by microacoustic 
Doppler velocimeter and studied the relationship with shear stress and sediment transport around spur dike. 
In his study, the shear stress equation proposed by Dey and Barbuiya (2006) was applied around the spur 
dike. Maximum Reynolds stress and TKE were found in the flow recirculation region where higher
frequency of vorticity is found near the shear layer. And also, Kara (2014) analyzed flow around an 
abutment using a large eddy simulation. Velocity and vorticity around the abutment were analyzed, and the 
distribution of TKE was calculated. As a result of the study, it was confirmed that the TKE was large at the 
downstream part near the abutment. Therefore, these studies can help to understand the distribution of TKE 
around the abutment.
Strum et al. (2011) summarized widely used abutment scour and contraction scour equations, and explored 
the effect of flow contraction to the abutment scour. Furthermore, velocity distributions around the 
abutments were also analyzed. In their findings, discharge contraction ratio between the approach section 
and bridge section was used to represent flow contraction effect through the bridge. This parameter helps 
to express contraction effect in the bridge section.
Hong et al. (2015) studied the scour on the compound channels with abutments. Their study confirmed that 
the flow contraction generated by the abutment has a certain relationship with the TKE. Result of their 
study proposes a scour equation considering TKE. This study helps to understand the relationship with TKE 
and the contraction effect in Fig. 2.13.
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Figure 2.13 Variation of initial width-averaged TKE (= / ∗ 
  ) with discharge contraction ratio 
(q2/q1) for LSA and BLA subject to F, SO, OT flows. (Hong, 2015); where, E: TKE near the bed, 
 ∗ : shear velocity at the approach section, LSA, BLA: the different abutment length,  F, SO, OT 
flows: the different water depth.
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3. Methodology of Experiments
3.1. Experimental Equipment
3.1.1. Flume
As shown in Fig. 3.1, the flume is a prismatic rectangular channel. The flume length, width, and height are 
15 m, 1.5 m, and 0.5 m, respectively. And the slope of flume can be changed. In this experiment, the channel 
slope is set to 0.2% and is classified as mild slope. The bottom surface has a uniform pattern that is made 
of acrylic sheets and the wall is made of glass. The roughness height of the bottom surface is about 3 mm. 
The calculation of the roughness height is described in detail in Chapter 4.1. A rectangular vertical wall 
structure to reproduce an abutment is installed at one side of flume. This area is called by bridge section or 
bridge section.
Figure 3.1 Flume looking upstream from bridge section
As shown in Fig 3.2, flow is provided by two pumps through steel pipes, and the maximum capacity of 
those two pumps is up to 0.095 cms. The water dropped from upper tank through the rectangular notch weir
passes the baffle, and then follows along the flume, and enter into to the lower tank via tailgate. The baffle 
with the horse-hair filter is installed in the entrance section of the flume so that the flow could reduce the 
turbulence generated by weir. The tailgate adjusts the water depth at the end of the flume.
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Figure 3.2 Schematic diagram and pictures of detailed device in the flume
3.1.2. Flowmeter and control box 
Fig 3.3 (a) shows the flow meter. Flowmeter is a device that measure the discharge amount through a pipe
by using electric voltage generated by flow as it passes. The discharge is controlled by the control box as 
shown in Fig 3.3 (b). The values of the control box and flowmeter are used to confirm that the discharge is
stable.
(a) Flowmeter (b) Control box for pump
Figure 3.3 Flowmeter and control box for pump
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3.1.3. Water depth measurements
As shown in Fig. 3.4, water depth is measured using a point gauge that can measure up to a minimum of 
0.1 mm. To measure the water depth with respect to the bottom, it is necessary to set the reference point as 
the bottom elevation. Then, the water depth is measured by contacting the rod end to the water surface. The 
reference point should be set again for each measurement location due to the slope of the flume. For 
minimizing the measurement error, an average of several measurements is used and water depth is measured 
for at least 30 sec.
Figure 3.4 The point gauge for water depth measurements
3.2. Flow measurements
Turbulent flow can be represented by using velocity measurements over certain duration. However, in
large velocity gradients close to the structure, velocity measurements having high temporal and spatial 
resolution are required to calculate turbulence (Tropea et al., 2007). Therefore, time resolution (response at 
a specific frequency) and spatial resolution (measurement volume) should be considered to select measuring 
device.
Generally, time and spatial resolution can be represented by the maximum response frequency (     ) of 
sampling rate of measuring device and the microscale (  ) of sampling volume of measuring device, 
respectively (Nezu and Nakagawa, 1993). The maximum response frequency (    ) and microscale ( ) can 
be calculated by water depth and depth-averaged velocity.
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     =     
 
2 
≥
100 
2   
≈
50 
 ℎ
Eq. 3.1
  =
1
    
≤
  
100
≈
ℎ
100
Eq. 3.2
Where,    : macro scale,      : maximum wave number. 
In this experiments,      is larger than 10 to 36 Hz and   is less than 7 to 12 mm. Therefore, ADV can be 
selected by comparing with the calculated      and  , and the mechanical properties of ADV (Table 3.1).
Table 3.1 Mechanical properties of ADV (SonTek, 2001)
16 MHz Micro ADV
Sampling rate (Hz); maximum response frequency (    ) 0.1 to 50
Sampling Volume (mm³); microscale ( ³) 90 (=4.48³)
Distance to sampling volume (cm) 5
Resolution (cm/s) 0.01
Programmable velocity range (cm/s) 3, 10, 30, 100, 250
Accuracy 1 % of measured velocity, 0.25 cm/s
Maximum depth (m) 60
3.2.1. ADV (Acoustic Doppler Velocimeter)
ADV can measure velocity by detecting ultrasonic waves. Dirt, plankton, suspended materials and air 
bubble in flow reflect ultrasonic emitted from the ADV. The reflected ultrasonic is detected by the probe 
of the ADV. The process of calculating velocity is conducted by Doppler Shift between emitted and 
reflected sound. ADV is a useful for measuring velocity in laboratories because ADV has high reaction 
frequency.
Lohrmann et al. (1994) measured and compared turbulence in laboratory experiments by using ADV and 
LDV. In their paper, ADV prove to be a sufficient device to measure TKE. Voulgaris and Trowbridge 
(1998) measured velocity by using ADV and calculated Reynolds stress that show error below 1%. And 
they found various source of error in measuring ADV. This error may occur when velocity exceeds the 
measurement range or the acoustic pulses is reflected at the boundary of a complex shape. McLelland and 
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Nicholas (2000) analyzed the ADV measurement errors by using the signal-to-noise ratio (SNR) and 
correlation.
3.2.2. Requirements for using ADV
For using ADV in the experiments, specific measuring conditions are required for the accuracy. As shown 
in Table 3.2, there are reference requirements by using ADV in experiments. The details of reference 
requirements is presented in following sub-sections.
Table 3.2 Reference requirements for measuring flow by using ADV
SNR of 
measured data
Correlation of 
measured data
Boundary distance from ADV Sampling number
> 15 dB > 70 %
> 30 mm from the vertical wall > 5,000 (measurement frequency 
is 50 Hz in this experiments)> 5 mm from the bottom
1) SNR (signal-to-noise ratio)
The SNR is a signal strength that is intensity of the reflected acoustic signal. The SNR is measured by 
subtracting the ambient noise level (N) in signal amplitude (SA) and converting it in decibel (dB) as shown 
in Eq. 3.3.
SNR = 0.43(   −  ) Eq. 3.3
Signals outside the measuring range of ADV are treated as noise. This noise is related to the number of 
samples. Thus, the measured data with 1 Hz has about one-fifth of the noise compared to the measured data 
with 25 Hz (SonTek, 2001). The noise can obscure when the intensity of the signal or standard deviation 
of the mean velocity increase (Zrnic, 1977). The noise also decreases as the spectral width (or spectral 
variance) of signal increases. Therefore, the intensity of the signal and spectral width should be handled 
appropriately for decreasing noise. Nortek (1997) suggest that SNR>5 dB is required for collecting mean 
flow data and that SNR>15 dB is required for collecting instantaneous flow data.
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2) Correlation of ADV
The strength of the relationship with two variables is called to correlation. If a correlation is 100%, it 
indicates that the data is completely reliable and that low noise occurs. But, if a correlation is 0%, it indicates 
that the data is only dependent on noise. The ideal correlation value should be between 70% and 100%. A 
correlation of less than 70% indicates that the ADV is operated in a difficult measurement condition. When
the correlation is low, inserting fine particles such as kaolin clay help to increase correlation value because 
ADV measure the flow by detecting ultrasonic reflected in particles.
3) Boundary distance
Chanson et al. (2007) showed that SNR decreases as it gets closer to the sidewall and represents a proper 
distance from the sidewall for using ADV. In their experiments, when the location of sampling volume of 
ADV probe is located less than 30 to 45 mm from the sidewall, the measured velocity is underestimated
because of the low SNR value. Thus, in this experiment, the minimum distance from the bed of channel
and side wall of abutment is chosen 5 mm and 30 mm, respectively. 
4) Sampling number
Since sampling number affects turbulence characteristics, the sampling number should be sufficient to 
account for turbulence. Turbulence studies generally require many data samples (Karlsson and Johansson, 
1986; Krogstad et al., 2005; Chanson et al., 2007). Chanson et al. (2007) performed flow measurements in 
an open channel (width 0.5 m, length 12 m) using a 16 MHz microADV. They measured velocities with 25 
to 50 Hz sampling rates and 1 to 60 minutes sampling duration, and performed a sensitivity analysis with 
calculated Reynolds stress based on the measured data set. In their results, error on time-average Reynolds 
stress decreases as the number of sample increases. As a result, the first and second statistical moments 
require at least 5,000 samples, and the triple correlations require more than 25,000 to 50,000 samples.
3.2.3. Outlier data filtering
A random spike in ADV measurement is regarded as noise. Therefore, appropriate filtering to remove 
random spike should be applied. There are various filtering methods such as minimum/maximum threshold 
filter, acceleration threshold filter, phase-space threshold filter, and velocity correlation filter (Goring and 
Nikora 2002). Minimum/maximum threshold filter sets the range defined by the minimum threshold and 
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the maximum threshold. Any data outside of the range is considered to have corruption and any data within 
this range is considered to valid. An acceleration threshold filter calculates the criteria of outlier data by the 
gravitational acceleration of the particle’s maximum acceleration in the flow. The phase-space threshold 
filter is based on the strong signal having high-frequency components. This method removes the data 
outside of ellipsoid of three-dimensional Poincaré map that represents swirling flow in dynamical system.
The velocity correlation filter is a modification of the phase-space filter and a suitable method when a 
relatively large spike occurs. In this study, measured data are analyzed by using the phase-space threshold 
filter provided by the WinADV program (Wahl, 2001).
3.3. Experimental procedure
Before starting actual experiments, discharge and water depth, and location of measurement points are 
decided. Then, the experiments are conducted, and water depth and velocity are measured by point gauge 
and ADV, respectively. Lastly, the verification and analyzing of the measured data are conducted.
3.3.1. Case selection
Total 12 cases are selected as shown in Table. 3.3. For all cases, water depth is larger than 5 cm because 5 
cm is the physical requirement that the ADV can be operated. 
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Table 3.3 Experiments cases
Cases         (m/s) ℎ  (m)   (cms)
Case 1
Set 1
(23 cm)
0.432 0.1014 0.0657
Case 2 0.453 0.1071 0.0728
Case 3 0.473 0.1168 0.0828
Case 4 0.509 0.1217 0.0929
Case 5
Set 2
(56 cm)
0.365 0.1120 0.0613
Case 6 0.378 0.1198 0.0680
Case 7 0.375 0.1277 0.0719
Case 8 0.384 0.1514 0.0871
Case 9
Set 3
(106 cm)
0.143 0.1236 0.0265
Case 10 0.170 0.1545 0.0394
Case 11 0.182 0.2176 0.0595
Case 12 0.205 0.2200 0.0675
Where,   : abutment length,     : average water velocity in the approach section, ℎ : water depth in the 
approach section,  : discharge.
3.3.2. Flow generation
After deciding the experimental cases, actual experiments were conducted. At first, the discharge is set 
using a control box and a flow meter, then, the required water depth is established by adjusting tailgate.
When discharge and approach water depth are stable, the setting of flow generation is finished. The control 
box and the flow meter are continually checked during the experiments in order to confirm that the same 
discharge is being supplied in the channel.
3.3.3. Flow measurements
The detailed flow measurements are conducted in the approach section and bridge section. Fig. 3.5 shows 
the schematic diagram of the flow measurement locations during the experiment. As shown in Fig. 3.5, 
approach section is located 250 cm upstream from the abutment where the distance is long enough to 
disappear the entrance effect and to have fully developed flow. For the bridge section measurements, flow 
contraction area is divided by 5 cross sections with an interval of 5 cm. Within each cross-section, point 
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velocities are measured along multiple vertical transects which are separated 3 to 5 cm laterally close to the 
abutment, but 10 cm laterally outside of those region where the velocity profile shows close to the 
logarithmic.
Figure 3.5 Schematic of flow measurement points and reference point; where, dash lines are
measurement cross-section for experiments and reference point is the starting point of x, y axis in 
all analysis results.
The closest measurement point from the bottom is located 5 mm from the bottom. The starting point of the 
vertical direction must be within the outer layer because the shear stress equations do not consider the 
viscous effect as described in Section 2.1.2 and Fig 2.2. Theoretically, if   (dimensionless depth) is 30 or 
more, it is the outer layer in Fig. 3.6. In this experiment, 5 mm from the bottom satisfies the outer layer 
condition because    is around 100.
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Figure 3.6 Normalized mean velocity profile in a turbulent boundary layer in log coordinate; 
where,    :  / ∗,  
  :   ∗/ 
In previous studies, maximum Reynolds stress and TKE generally occurred at 0.1 of water depth on plane 
beds or gravel beds (Voulgaris and Trowbrdge, 1998; Nikora and Goring, 2000; Song and Chiew, 2001; 
Nicholas, 2001). Therefore, the maximum vertical measurement height is located over 0.2 of total water 
depth from the bottom, so that maximum Reynolds stress and TKE occurrence point can be included. 
However, it is hard to measure the velocity at higher than 0.2 of total water depth in the downstream side 
of abutment area. Therefore, velocity at higher than 0.2 of total water depth is only measured at the upstream 
face of the abutment. At the other section around abutment except for the upstream face of the abutment, 
the velocity at 5 mm from the bottom is measured. The measurement duration is at least 3 min. up to 5 min. 
to measure the turbulence specification in which the measured data number is larger than 5,000.
3.3.4. Measured data verifications
The reliability of ADV measurements is basically confirmed by SNR and correlation. In addition, the 
calculated discharge is compared with approach section and bridge section to check the continuity.
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3.4. Problem of experiments
3.4.1. Low correlation of ADV measurements
Where the ADV is used near the abutment, sometimes, correlation value shows lower than 70%. Even 
though kaolin clay particles is used to increase the value of SNR, at some particular location, the particles
do not help because of bubble and high turbulence around the abutment as show in in Fig 3.7 (a). And also, 
it is difficult to use ADV when the water surface fluctuates as in rapidly-varied flow because the device is 
continuously exposed out of the water as shown in Fig 3.7 (b). In this experiments, ADV measurements are 
obtained by repeating measurement several times or slightly shifting the measurement location (± 1 cm) to 
overcome the low correlation.
(a) Bubble around ADV (b) Fluctuating water surface
Figure 3.7 Reasons of low correlation of ADV measurements
3.4.2. Limitation of laboratory experiments with rectangular channel
The degree of flow contraction is significantly affected by the abutment length and channel geometry.  
Therefore, additional geometrical consideration should be required by using result of laboratory 
experiments because the channel shape in the field, as shown in Fig. 3.8, is more close to the compound 
channel, not rectangular.
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(a) Flow distribution in laboratory (b) Flow distribution in field
Figure 3.8 Difference of flow distribution in laboratory and field (Arneson et al., 2012)
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4. Experimental results
With using the experimental data, flow characteristics in the approach and the bridge section are explored,
and the results are applied to find appropriateness of shear stress equations shown in Table. 2.1.
4.1. Analysis of velocity data
  Based on the measured velocities, vertical velocity profiles, lateral velocity distributions, velocity vectors
and roughness height (  ) are determined. Velocity data are used to analyze the applicability of Eq. 2.4 and 
the characteristics of flow contraction. In addition, the measured point velocities are used to calculate
discharge in the approach section and at the upstream of abutment.
4.1.1. In the approach section
1) Vertical velocity profile
Vertical velocity measurements in the approach section show the logarithmic velocity profile as shown in 
Fig. 4.1, 4.2, 4.3. Therefore, Eq. 2.4 is applied for shear stress estimate as mentioned in Chapter 2.
Figure 4.1 Vertical velocity profile in the 
approach section with Set 1
Figure 4.2 Vertical velocity profile in the
approach section with Set 2
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Figure 4.3 Vertical velocity profile in the approach section with Set 3
2) Roughness height by using velocity measurements
Sand roughness is usually represented by sand size. However, if the bottom roughness is generated by the 
uniform shape of substrate (wavy or corrugated) as in our experiment, it is hard to estimate value of    as 
shown in Fig. 4.4. Thus,    and   
∗ (shear velocity in the approach section) are determined by the 
application of the best fit of the logarithmic vertical velocity profile in Eq. 2.4 with the same way as in 
Lograni and Moffat (1986). The results are summarized in Table 4.1. The value of    is similar for all of 
the experiments, although Set 2 shows slightly smaller than the other sets.
Figure 4.4 Equivalent sand roughness by bottom pattern (TUHH, 2006)
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Table 4.1   
∗ ,   , and  
  determined by Eq.2.4 .
Cases      
∗ (m/s)    (m)
r  with measured and calculated 
velocity by Eq. 2.4
Case 1
Set 1
(23 cm)
0.0384 0.0020 0.99
Case 2 0.0395 0.0019 0.99
Case 3 0.0409 0.0014 0.99
Case 4 0.0422 0.0019 0.99
Case 5
Set 2
(56 cm)
0.0376 0.0006 0.98
Case 6 0.0387 0.0005 0.98
Case 7 0.0393 0.0005 0.99
Case 8 0.0415 0.0010 0.99
Case 9
Set 3
(106 cm)
0.0296 0.0013 0.97
Case 10 0.0332 0.0038 0.99
Case 11 0.0373 0.0030 0.99
Case 12 0.0386 0.0046 0.97
4.1.2. In the bridge section
In this section, velocity vectors measured at 5 mm above the bed throughout the entire abutment opening 
are shown, but the vertical velocity profile is measured only at the upstream face of the abutment. And, the
distributions of velocity vectors show the maximum velocity in each measurement section.
1) Vertical velocity profile at the upstream face of the abutment
As shown in Fig. 4.5 (other cases are in Appendix A), measured vertical velocity profile at the upstream 
face of the abutment has not logarithmic function. Barbhuiya and Dey (2004) and Dey and Barbhuiya (2006) 
found similar results in their experiments. Therefore, Eq. 2.4 could not be applied for calculating shear 
stress in the bridge section as mentioned in Chapter 2.
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Figure 4.5 Vertical velocity profile at the upstream face of the abutment with Case 8
2) Distribution of velocity vectors around the abutment
Velocity vectors measured at 5 mm above from the bed are shown in Fig 4.6 (other cases are in Appendix 
A). This results also include the location of maximum velocity in each measurement section. The location 
of the maximum velocity is important to approximate the existence of shear layer as mentioned in Section 
2.2.2. Also, it can be seen that the velocity vectors are similar with the previous study (Barbhuiya and Dey, 
2004).
Figure 4.6 Distribution of velocity vertors measured 5 mm above the bed in the bridge section with 
Case 9
As shown in Fig 4.7 to 4.9, lateral depth-averaged velocity distribution in the flow direction at the upstream 
face of the abutment shows that the maximum average velocity can be found near the abutment because of 
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local acceleration around the bridge. This maximum velocity shown in these figures is used for       of 
flow contraction factor (     /  ). However, because the effect of local acceleration decreased as the 
distance from the abutment increases, the measured average velocity profiles shows similar in each profile. 
Figure 4.7 Average velocity at the upstream 
face of the abutment with Set 1
Figure 4.8 Average velocity at the upstream 
face of the abutment with Set 2
Figure 4.9 Average velocity at the upstream face of the abutment with Set 3
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4.2. Discharge calculation
Even if the flow meter shows the value of total discharge through the flume, measured velocities are used 
to calculate total discharge amount in the approach section (  ) and bridge section (  ), and those two
values are compared to check their continuity. As shown in Fig. 4.10, the discharge amount calculated by 
using measured velocities in both cross sections shows good agreement. In addition, as shown in Table 4.2, 
the discharge per unit width ( ) is calculated and used to decide discharge contraction ratio between 
approach section and bridge section (  /  ) because (  /  ) is an important factor representing effect of 
flow contraction through the bridge opening. In addition,      /   can shows effect of flow contraction 
with local acceleration in the bridge section; where,       is calculated by       as shown in Fig 2.11.
Figure 4.10 Comparing discharge between the approach section and the bridge section
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Table 4.2 Flow contraction ratios
Cases         /     /        /     /     /  
Case 1
Set 1
(23 cm)
1.530 1.444 1.326 1.251 1.181
Case 2 1.545 1.480 1.293 1.226 1.181
Case 3 1.519 1.400 1.322 1.25 1.181
Case 4 1.525 1.455 1.284 1.229 1.181
Case 5
Set 2
(56 cm)
2.012 1.839 1.581 1.582 1.596
Case 6 2.063 1.840 1.670 1.591 1.596
Case 7 2.197 1.863 1.677 1.587 1.596
Case 8 2.190 1.953 1.745 1.666 1.596
Case 9
Set 3
(106 cm)
4.024 3.777 3.402 3.323 3.409
Case 10 4.089 3.789 3.334 3.203 3.409
Case 11 4.250 4.023 3.154 3.257 3.409
Case 12 4.174 3.840 3.383 3.281 3.409
Where,    : abutment length,   : average velocity in the approach section,   : average velocity at the 
upstream face of the abutment,      : maximum velocity at the face section of the abutment,   : average 
discharge per unit width in the approach section,   : average discharge per unit width at the upstream face
of the abutment,       : maximum discharge per unit width at the upstream face of the abutment,   : 
channel width in the bridge section,   : channel width in the approach section
4.3. Analysis of flow depth
Flow depth is required for calculating shear stress by Eq. 2.7 in the approach section. If flow depth as well
as velocity data are available, Eq. 2.8 can also be used to calculate shear stress. However, in the bridge 
section, both of the equations cannot be used because the flow type is not uniform or gradually-varied flow 
around the abutment. Critical depth, normal depth, and water surface profile in the approach section and in 
the bridge section are summarized each experiment for analyzing flow regime such as backwater, rapidly-
varied flow, and super or subcritical flow.
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4.3.1. Normal depth and critical depth
Normal depth is calculated by using Manning's equation    =
     ⁄   
   ⁄
 
  in Table 4.3. The Manning's 
coefficient ( ) is calculated by using the Keulegan’s (1938) method that can be used to evaluate Manning’s 
coefficient from the known roughness height (  ) (Sturm, T. W., 2001). Then, the normal depth is used to 
calculate the backwater amount in the approach section. Furthermore, critical depth (ℎ ) is calculated by 
Eq. 4.1 as follows for a rectangular channel,
ℎ  =  
  
 
 
 
  Eq. 4.1
The critical depth is used to find sub or supercritical flow and to confirm the availability of the shear stress 
equations because most of shear stress equations are not adaptable in critical flow condition.
4.3.2. In the approach section
As shown in Table 3.3 and 4.3, measured flow depth shows deeper than normal depth in the approach 
section because of the backwater. The backwater effect for case 4 is shown in Fig. 4.11 (other cases are in 
Appendix B). Thus, to quantify the effect of backwater with respect to the flow contraction, dimensionless 
value representing backwater amount (ℎ /ℎ  ) is compared with   /   . As shown in Fig. 4.12, ℎ /ℎ   is
increased as the   /   increases.
Figure 4.11 Water surface profile with Case 4
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Figure 4.12   /     vs.   /   in the approach section
4.3.3. In the bridge section
Fig. 4.13 shows the water surface contours in the bridge section for case 5. Water surface contours for 
other cases shows similar as in Fig 4.13 (other cases are in Appendix B). The minimum and maximum flow 
depth is higher than the critical depth and the normal depth, respectively. This result shows that the flow 
condition is subcritical flow and the flows is rapidly changed from maximum flow depth to minimum flow 
depth. Therefore, the bridge section flow is defined as a rapidly-varied flow.
Figure 4.13 water surface contour in the bridge section with Case 5
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Table 4.3 Normal depth and Critical depth each cases, Froude number in the approach section, and 
maximum flow depth in the bridge section
Cases    ℎ   (m) ℎ   (m) ℎ   (m) ℎ   (m) ℎ     (m) ℎ     (m)
Case 1
Set 1
(32 
cm)
0.083 0.058 0.090 0.068 0.106 0.077
Case 2 0.089 0.064 0.096 0.073 0.103 0.062
Case 3 0.096 0.068 0.104 0.079 0.119 0.081
Case 4 0.104 0.073 0.112 0.084 0.118 0.062
Case 5
Set 2
(56 
cm)
0.080 0.055 0.106 0.075 0.105 0.065
Case 6 0.085 0.059 0.114 0.081 0.112 0.056
Case 7 0.088 0.062 0.118 0.084 0.118 0.058
Case 8 0.099 0.070 0.134 0.098 0.138 0.087
Case 9
Set 3
(106 
cm)
0.048 0.032 0.110 0.071 0.114 0.074
Case 10 0.061 0.041 0.145 0.090 0.136 0.072
Case 11 0.078 0.055 0.196 0.120 0.200 0.143
Case 12 0.085 0.059 0.216 0.131 0.195 0.123
Where, ℎ  : normal depth in the approach section, ℎ  : critical depth in the approach section, ℎ  : normal 
depth in the bridge section, ℎ  : critical depth in the bridge section, ℎ    : maximum flow depth in the 
bridge section, ℎ    : minimum flow depth in the bridge section
4.4. Analysis of turbulent strength
Turbulent strength (     
  ,     
  ,     
  ) can be defined as root mean square of velocity fluctuation
measurements ( ′,  ′,  ′) over certain time. The turbulent strength is important variable used in Eq.2.2, 2.3, 
2.5, and 2.6. for analyzing shear stress. Thus, in this chapter, maximum turbulent strength is analyzed with 
flow contraction ratio and, ratio between each turbulent strength are analyzed to check the applicability of 
Eq. 2.6 as mentioned in Chapter 2.
4.4.1. Maximum turbulent strength with the three directions
In the approach section, the bed turbulent strength shows maximum turbulent strength with the three 
directions. As shown in Table 4.4, the largest value among the maximum turbulent strength with the three 
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directions is the maximum turbulent strength in the flow direction ((     
  )    ) in the approach section, 
followed by the values in the lateral ((     
  )    ) and vertical directions ((     
  )   ). Furthermore, the 
measured value of turbulent strength in each direction shows inversely proportional to   /  , as shown in 
Fig. 4.14, because backwater effect decelerate approach flow and the amount of deceleration increases as 
the flow contraction (  /  ) increases.
In the bridge section, the maximum turbulent strength with the three directions is only analyzed at 5 mm 
above the bed. As shown in Table 4.4, the largest value among the maximum turbulent strength with the 
three directions is the maximum turbulent strength in flow direction, but the maximum turbulent strength 
in lateral direction (     
  )    shows larger compared to the values in the approach section because the 
local acceleration around the abutment in lateral direction increases the degree of turbulence in the same 
direction. Contrary to the cases in the approach section, the maximum turbulent strength and   /   show 
independent relationship as seen in Fig. 4.15. This result shows that maximum turbulent strength is 
distributed regardless of the degree of flow contraction in the bridge section because there is complex flow 
in the bridge section.
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Figure 4.14 Maximum turbulent strength 
according to the flow contraction in the 
approach section
Figure 4.15 Maximum turbulent strength 
according to the contraction effect in the 
bridge section
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Table 4.4 Maximum turbulent strength with the three directions in the approach section and in the 
bridge section
Cases   
(     
  )   
(cm/s)
(     
  )   
(cm/s)
(     
  )   
(cm/s)
(     
  )   
(cm/s)
(     
  )   
(cm/s)
(     
  )   
(cm/s)
Case 1
Set 1
(23 
cm)
4.133 2.421 1.627 16.029 11.265 8.456
Case 2 4.375 2.363 1.667 17.209 9.772 6.867
Case 3 4.496 2.424 1.741 17.194 12.607 7.528
Case 4 4.854 2.547 1.849 18.897 13.903 8.450
Case 5
Set 2
(56 
cm)
3.391 1.904 1.144 15.096 10.218 6.770
Case 6 3.592 1.873 1.242 18.188 10.186 8.281
Case 7 3.848 1.888 1.360 21.525 10.411 8.753
Case 8 3.667 1.959 1.275 89.789 69.159 9.621
Case 9
Set 3
(106 
cm)
1.985 1.405 0.753 91.370 8.763 5.595
Case 10 2.101 1.342 0.810 17.409 9.873 6.227
Case 11 2.064 1.424 0.929 12.804 9.257 5.803
Case 12 2.060 1.426 0.890 12.887 10.007 7.013
4.4.2. Ratio between turbulent strength in the other direction
To be able to use Eq. 2.6, ratio between turbulent strength in the other direction should have a constant
value near the bed as mentioned in Chapter 2. As shown in Fig. 4.16 to 4.19,     
  /    
  (turbulent strength 
in flow direction/ turbulent strength in lateral direction) and     
  /    
  (turbulent strength in flow 
direction/turbulent strength in vertical direction) are plotted over the depth in the approach section and at 
the upstream face of the abutment, respectively. However, there is no method to check whether     
  /    
 
and     
  /    
  are a constant near the bed. Therefore, by comparing the calculated shear stress by Eq. 2.5 
and Eq. 2.6, the applicability of Eq. 2.6 is confirmed because, in Section 2.1.3, the assumption of a constant 
values of     
  /    
  and     
  /    
  shows a similar value between the calculated shear stress by Eq. 2.5 
and 2.6 (Kim et al., 2000). Thus, comparisons of the calculated shear stress by Eq. 2.5 and 2.6 are conducted 
in Fig. 5.2 and 5.8 and, the calculated shear stress by Eq. 2.5 and 2.6 show a similar value. This result shows 
that Eq. 2.6 can be used to calculate shear stress. Through the above analysis process, further study is 
required to check the applicability of Eq. 2.6 without calculating the shear stress.
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Figure 4.16      
  /     
  over the depth in the
approach section
Figure 4.17      
  /     
  over the depth in the 
approach section
Figure 4.18      
  /     
  over the depth at the 
upstream face of the abutment
Figure 4.19      
  /     
  over the depth at the 
upstream face of the abutment
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4.5. Maximum Reynolds stress
There is an assumption that the largest Reynolds stress shows the largest shear stress. Thus, three different 
components of Reynolds stress, as already explained in Eq. 2.17 are compared to determine the maximum 
Reynolds stress for calculation of the maximum shear stress, and the Table 4.5 shows the results. As shown 
in Table 4.5, |    |    in the approach section and | 
   |    in the bridge section show the largest
Reynolds stress. Thus, |    |    in the approach section and | 
   |    in the bridge section are selected 
for analyzing shear stress. And, Reynolds stress in the bridge section is 10 times larger than in the approach 
section. To be specific, difference of |    |     between the approach section and the bridge section is 
more than 70 times. This results shows that degree of turbulence is larger around the abutment than in the 
approach section because the flow contraction occurs an acceleration of local flow.
Table 4.5 Maximum Reynolds stress in the approach section and in the bridge section
Cases   
|    |    
(cm²/s²)
|    |    
(cm²/s²)
|    |    
(cm²/s²)
|    |    
(cm²/s²)
|    |    
(cm²/s²)
|    |    
(cm²/s²)
Case 1
Set 1
(23 
cm)
1.976 2.349 0.191 64.538 47.174 17.788
Case 2 2.537 2.668 0.198 54.028 33.332 30.013
Case 3 2.413 2.851 0.188 89.944 37.691 20.453
Case 4 0.900 3.487 0.228 111.030 73.923 31.154
Case 5
Set 2
(56 
cm)
1.257 1.636 0.222 45.712 34.813 16.102
Case 6 1.657 1.857 0.232 42.865 44.840 9.166
Case 7 1.897 2.052 0.133 64.829 47.839 17.290
Case 8 1.876 1.957 0.197 63.846 41.210 21.808
Case 9
Set 3
(106 
cm)
0.188 0.477 0.089 54.237 28.915 21.918
Case 10 0.239 0.622 0.048 82.678 14.910 13.210
Case 11 0.608 0.643 0.038 39.509 20.303 10.437
Case 12 0.535 0.743 0.120 44.432 14.651 10.235
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4.6. Ratio between TKE and Reynolds stress
To be able to use Eq. 2.5, the ratio between TKE and Reynolds stress should be constant close to the bed. 
Thus, as explained in the previous sub-chapter, Reynold stress of |    | and |    | are selected as a 
variable in the approach section and at the upstream face of the abutment, respectively, to calculate the ratio. 
As shown in Fig. 4.20 and 4.21, in the approach section and at the upstream face of the abutment, the value 
of TKE/|    | and TKE/|    | close to the bed are distributed in a range of 5 to 6 and 1 to 100, 
respectively. However, it is hard to analyze that ratio between TKE and Reynolds stress is a constant, 
although TKE/|    | does not seem to be a constant. Therefore, further experiments are required whether 
Eq. 2.5 is appropriate for calculating shear stress, because Eq. 2.5 consists of the experience experimental 
coefficient. In this study, further experiments are not conducted, but the calculated shear stress by Eq. 2.5 
shows similar characteristic that is inversely proportional to flow contraction factors, with accurate shear 
stress in Chapter 5. Thus, Eq. 2.5 is just assumed to be usable for calculating shear stress.
Figure 4.20    /|    | over the depth in the 
approach section
Figure 4.21    /|    | over the depth at the 
upstream face of the abutment
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5. Analysis of experimental results
5.1. Analysis factors for analyzing bed shear stress
5.1.1. Evaluation of shear stress equations
Because Reynolds stress is directly related to the bed shear stress in two-dimensional plane, Eq. 2.2 can be 
a suitable equation for calculating shear stress in two-dimensional flow because Reynolds stress can directly 
express shear stress in two-dimensional (Section 2.1.2). In addition, according to the experiments by Nezu 
and Rodi (1986) and Nezu et al. (1997), a precise measuring device such as ADV is required to use Eq. 2.2.
Eq. 2.3 (shear stress equation using Reynolds stress of Dey and Barbuiya (2005)) can calculate shear stress 
in three-dimensional plane by using similar concept as in Eq. 2.2. Therefore, Eq. 2.3 is a suitable equation 
for calculating shear stress in three-dimensional flow such as suddenly changing direction of flow in the 
bridge section. 
Eq. 2.4 (shear stress equation using von Kármán-Prandtl equation) can be used to calculate shear based on 
the vertical logarithmic velocity profile that is simply measured than local turbulent (Wilcock, 1996). 
However, Smart (1999) studied that the Eq. 2.4 is influenced by the bed roughness. Biron et al. (2004)
shows that shear stress by Eq. 2.4 is larger than the accurate shear stress in the sand bed. Rowinski et al. 
(2005) also observed that results from Eq. 2.4 shows larger shear stress and concluded that Eq. 2.4 is not 
suitable for calculating shear stress in coarse bed conditions.
Similar as in Eq. 2.2 and 2.3, Eq. 2.5 and Eq. 2.6 are the equations that are derived based on Reynolds 
stress equation. However, these equations are mainly used in oceanography. Therefore, additional study is 
required to validate the use of Eq. 2.5 and 2.6 on shear stress calculation in the open channel.
Eq. 2.7 (shear stress equation using force balance concept) is one of the simplest equation for calculating 
shear stress (Raichlen, 1967; McQuivey and Richardson, 1969; Blinco and Partheniades, 1971). However, 
since Eq. 2.7 is based on the force balance concept, Eq. 2.7 is affected by small terrain change. Also, it is 
only suitable in steady and uniform flow. According to Nezu and Nakagawa (1993), shear stress estimated 
by Eq. 2.7 show larger value than using local turbulent as in Eq. 2.2 and Eq. 2.3.
Eq. 2.8 (shear stress equation using St. Venant equation) is improved version of Eq. 2.7 so that it can be 
applied even in a gradually-varied flow, and many researchers are using the equation because of simple and 
easier procedure (Graf and Song, 1995; Rowinski et al., 2000; Shen and Diplas, 2010; Haizhou and Graf, 
1993). However, this equation has a limitation that only one-dimensional flow can be considered. 
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As explained above, each equation has their own limitations such as only valid for one-dimensional flow 
and/or uniform flow assumptions. However, Eq. 2.2 and 2.3 are only required to confirm that the local flow 
condition near the bed are two-dimensional flow and three-dimensional flow, respectively. Thus, for setting 
up the reference value of bed shear stress, Eq. 2.2 is selected for the approach section bed shear stress
because the flow of approach section is a two-dimensional flow in accordance with the flow direction. For 
the bridge section, Eq. 2.3 is selected because the flow of bridge section is a three-dimensional flow in the 
bridge section.
5.1.2. Flow contraction ratio for analyzing bed shear stress
To understand characteristic of flow contraction factors, the topographic, flow, and fluid properties are 
analyzed with flow contraction factors. First, the fluid properties ( ,  ,  ) are excluded in this analysis 
because the fluid properties are constant values in the clear water. Second, the topographic properties (the 
width of the channel and the size of the structure;   /  ) are related the flow contraction factor (  /  )
that is referred in Table 4.2 and Chapter 4.2. Third, the flow properties ( , ℎ) are also related the flow 
contraction factor because, in Fig 5.1, flow contraction factor and approach Froude number calculated by 
the flow properties are correlated because the deceleration of approach flow increase the approach flow 
depth. These characteristic is also confirmed in the studies of Liu et al. (2007) with Eq. 2.59 (Bléanger 
equation), if there are a rectangular channel and a vertical wall structure. Therefore, the flow contraction 
factor shows the topographic properties and the flow properties in this experiments.
Figure 5.1 Relationship with   /   and approach    
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The flow contraction factor to analyze the bed shear stress in the approach section and the bridge section 
are selected as follows. In the approach section, the flow contraction factor is selected to   /   , because 
the approach flow can be defined as an average velocity and flow depth. In the bridge section, characteristic 
of bed shear stress is difficult to analyze in three-dimensional flow in the bridge section and maximum bed 
shear stress occur in the local acceleration area. Thus, concept of dimensionless shear stress and flow 
contraction factors derived by local variables are introduced to find the tendency of bed shear stress
according to the flow contraction. Using the concept of dimensionless shear stress, flow contraction factors 
are selected by analyzing the comparison result with dimensionless shear stress and flow contraction factors.
The analysis method of the comparison result is to select the agreeable relationship that shows the largest 
r  in the comparison result with dimensionless shear stress and flow contraction factors. The analysis result 
and dimensionless shear stress are described in detail in Chapter 5.3.
5.2. Bed shear stress in the approach section
5.2.1. Evaluation of bed shear stress formulas in the approach section
As shown in Fig 5.2, the calculated bed shear stress is inversely proportional to   /  , which shows that 
the bed shear stress is changed with approach Froude number, because   /   and approach Froude number 
are inversely proportional in Fig. 5.1. In order to examine the suitability of the equations, the bed shear 
stress calculated by Eq. 2.3 to 2.8 are compared with the reference value calculated by Eq. 2.2. The results 
from Eq. 2.3, 2.5, and 2.6 are almost similar with the reference value. Therefore, Eq. 2.3, 2.5, and 2.6 can 
be applicable directly for calculating bed shear stress in the approach section. However, as shown in Fig. 
5.2, the results from Eq. 2.4, 2.7, and 2.8 show large difference with the reference. Reasons of these 
differences are analyzed as follows. First, in Eq. 2.7, uniform flow condition is required to use Eq. 2.7. For 
this reason, r  of regression line of Eq. 2.7 is not good agreement in Table 5.2, because uniform flow does 
not occur in the approach section or backwater. Thus, Eq. 2.7 is not suitable to calculate bed shear stress. 
Second, in Eq. 2.4, there is assumption of isotropic turbulence in Section 2.1.2. However, measured data 
do not show isotropic turbulence in Table 4.4. In additional, other researchers also find a large difference 
with the reference, which is already referred in Section 5.1.1. Thus, Eq. 2.4 is not suitable to calculate bed 
shear stress. Nevertheless, Eq. 2.4 can be used to calculate bed shear stress, if Eq. 2.4 is calibrated with 
reference value. This is because r  of regression line of Eq. 2.4 shows good agreement in Table 5.2. And 
also, the assumption of isotropic turbulence can be considered to be revised for calculating bed shear stress, 
because ratio between turbulent strength in each other direction is regarded as a constant in Section. 4.4.2. 
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Third, in Eq. 2.8, bed shear stress calculated by Eq. 2.8 shows negative value when the   /   is larger than 
the value of 1.5 in Fig. 5.2 and Table 5.1. Therefore, Eq. 2.8 is not applicable for calculating bed shear 
stress. The possible reason can be as the abutment length becomes longer, the bed shear stress is 
underestimated because of the large deceleration in the approach section under larger backwater effect. This 
phenomenon does not satisfy gradually-varied flow condition. In the definition of gradually-varied flow, 
the water surface slope must be within ±  (=±channel slope), when there is backwater effect. However, 
as shown in Table 5.3, water surface slope of Case 7, 9, 10, 11, and 12 are not within ±  , which means 
that Eq. 2.8 (St. Venant equation) cannot be used for calculating bed shear stress.
Figure 5.2 Bed shear stress calculated by Eq. 2.2 to 2.8 vs.   /   in the approach section
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Table 5.1 Value of average bed shear stress in each shear stress equations
Cases   
Eq. 2.2
(Pa)
Eq. 2.3 
(Pa)
Eq. 2.4 
(Pa)
Eq. 2.5 
(Pa)
Eq. 2.6 
(Pa)
Eq. 2.7 
(Pa)
Eq. 2.8
(Pa)
Case 1
Set 1
(23 
cm)
0.161 0.110 0.749 0.195 0.117 1.471 0.703
Case 2 0.147 0.373 0.868 0.212 0.121 1.557 0.656
Case 3 0.229 0.240 0.766 0.260 0.142 1.674 1.246
Case 4 0.256 0.234 0.958 0.283 0.157 1.784 0.653
Case 5
Set 2
(56 
cm)
0.146 0.186 0.371 0.136 0.103 1.413 0.175
Case 6 0.166 0.226 0.373 0.154 0.107 1.499 0.274
Case 7 0.149 0.257 0.353 0.164 0.104 1.546 -0.192
Case 8 0.167 0.259 0.436 0.171 0.096 1.722 0.734
Case 9
Set 3
(106 
cm)
0.011 0.009 0.158 0.042 0.014 0.876 -1.967
Case 10 0.028 0.027 0.124 0.055 0.028 1.101 -2.091
Case 11 0.029 0.014 0.120 0.045 0.029 1.391 -2.149
Case 12 0.037 0.030 0.167 0.057 0.029 1.493 -2.371
Table 5.2 Regression line equations in each shear stress equations
Shear stress equations Equations of regression line in Fig. 5.2
Eq. 2.2     = exp(−1.3325 ∗   /  ) ∗ 1.4608;  
  = 0.91 Eq. 5.1
Eq. 2.3     = exp(−1.0677 ∗   /  ) ∗ 0.7890;  
  = 0.88 Eq. 5.2
Eq. 2.4     = exp(−0.7876 ∗   /  ) ∗ 1.7672;  
  = 0.89 Eq. 5.3
Eq. 2.5     = exp(−0.7428 ∗   /  ) ∗ 0.5542;  
  = 0.96 Eq. 5.4
Eq. 2.6     = exp(−0.8593 ∗   /  ) ∗ 0.3976;  
  = 0.95 Eq. 5.5
Eq. 2.7     = exp(−0.1530 ∗   /  ) ∗ 1.9620;  
  = 0.50 Eq. 5.6
Eq. 2.8     = −1.4472 ∗   /   + 2.5880;  
  = 0.95 Eq. 5.7
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Table 5.3 Comparing channel slope and water surface slope
Cases      
Water surface slope 
where backwater occurs
Applicability of Eq. 2.8 for 
calculating bed shear stress
Case 1
Set 1
(23 cm)
0.002
0.0013 Available
Case 2 0.0014 Available
Case 3 0.0008 Available
Case 4 0.0015 Available
Case 5
Set 2
(56 cm)
0.0018 Available
Case 6 0.0017 Available
Case 7 0.0021 Not Available
Case 8 0.0013 Available
Case 9
Set 3
(106 cm)
0.0034 Not Available
Case 10 0.0031 Not Available
Case 11 0.0026 Not Available
Case 12 0.0027 Not Available
5.2.2. Calibration of shear stress equation
In the previous analysis, Eq. 2.3, 2.5, and 2.6 can be used for the calculation of bed shear stress in the 
approach section and the Eq. 2.4 has possibility to calculate bed shear stress, if calibrated Eq. 2.4 can be 
proposed by estimating correction coefficient in Fig 5.3 and Table. 5.4 with respect to the reference bed 
shear stress. To estimate correction coefficient (   ), the difference between each regression line (Eq. 2.2 
and 2.4) according to   /   is used as shown in Eq. 5.8. This calibrated equation has advantage that is 
simple and easy procedure, because Eq. 2.4 is only required the vertical velocity profile that is measured 
easily than local turbulent flow.
Bed shear stress calculated by Eq. 2.2
=     ∗ (Bed shear stress calculated by Eq. 2.4)
Eq. 5.8
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Figure 5.3 Relationship with   /   and correlation coefficient for calibrating Eq. 2.4
Table 5.4 Equation of correlation coefficient for Eq. 2.4 in the approach section
Shear stress equations Equation with correlation coefficient in Fig. 5.3
Eq. 2.4     = exp(−0.2801 ∗   /  ) ∗ 0.4465 Eq. 5.9
5.3. Bed shear stress in the bridge section
5.3.1. Bed shear stress contour distribution
The bed shear stress is calculated by Eq. 2.2, 2.3, 2.5, and 2.6 in the bridge section and largest bed shear 
stress in each measurement section is also calculated in Fig. 5.4 (Figures of another cases are in Appendix 
C). In this figure, bed shear stress tends to be lager near the abutment, and location of maximum bed shear 
stress (   _    ) in the bridge section occur at less than 11 cm from the abutment in Fig. 5.5. This maximum 
bed shear stress is located between the maximum velocity line and abutment as shown in Fig. 4.6 and 5.4 
(Figures of another cases are in Appendix A and C). Therefore, based on the relationship the maximum 
velocity line and shear layer in Section 2.2.2, maximum bed shear stress can be found between the shear 
layer and abutment. In addition, when comparing the maximum bed shear stress in the bridge section with 
flow contraction factor, maximum bed shear stress is randomly distributed without any special tendency in 
Fig. 5.6, which means that the complex flow occurs in the bridge section.
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(Pa)
(a) Eq. 2.2 (b) Eq. 2.3
(c) Eq. 2.5 (d) Eq. 2.6
Figure 5.4 Bed shear stress contour and maximum bed shear stress with shear stress equations in 
the bridge section with Case 9
Figure 5.5 Location of maximum bed shear stress with shear stress equations in the bridge section
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Figure 5.6 Graph of maximum bed shear stress vs.   /  
5.3.2. Dimensionless shear stress in the bridge section
In previous sub-section, characteristic of bed shear stress is hard to find, except for characteristic of location 
of maximum bed shear stress. Therefore, in this section, dimensionless shear stress is suggested to analyze 
bed shear stress with flow contraction factors. The dimensionless shear stress is simply calculated by 
dividing bed shear stress in the bridge section by bed shear stress in the approach section (   ). The bed 
shear stress of the bridge section in the dimensionless shear stress is divided into two parts, one is the value 
of maximum bed shear stress (   _   ) and the other is the maximum bed shear stress minus the average 
bed shear stress in the bridge section (   _    −    _   ). As shown in Fig 5.7 (Figures of another cases 
are in Appendix C), the average bed shear stress is a constant bed shear stress that occurs far away from 
abutment at the upstream face of the abutment, and location of average bed shear stress shows where the 
flow is not affect local acceleration because bed shear stress is constant. As shown in Table 5.5, the average 
bed shear stress is summarized. Therefore, (   _    −    _   ) shows bed shear stress only with the flow
condition dependent on the rapidly changed velocity gradient by local acceleration in the bridge section. 
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Figure 5.7 Bed shear stress calculated by Eq. 2.3 at the upstream face of the abutment with Set 3
Table 5.5 Average bed shear stress at the upstream face of the abutment
Cases    Eq. 2.2 (Pa) Eq. 2.3 (Pa) Eq. 2.5 (Pa) Eq. 2.6 (Pa)
Case 1
Set 1
(23 cm)
0.3301 0.3942 0.3860 0.2438
Case 2 0.4198 0.3510 0.3919 0.2262
Case 3 0.4712 0.4259 0.4439 0.2500
Case 4 0.4217 0.3901 0.4719 0.2748
Case 5
Set 2
(56 cm)
0.2348 0.1634 0.3551 0.2485
Case 6 0.1237 0.1702 0.2815 0.1958
Case 7 0.1520 0.2575 0.3425 0.2875
Case 8 0.0977 0.2193 0.2743 0.2119
Case 9
Set 3
(106 cm)
0.1514 0.2794 0.3344 0.1460
Case 10 0.0659 0.1554 0.1304 0.2769
Case 11 0.1492 0.2655 0.2250 0.1802
Case 12 0.0471 0.1746 0.2503 0.1658
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5.3.3. Evaluation of bed shear stress formulas in the bridge section
As already mentioned in Section 5.1.2, the appropriate dimensionless shear stress and flow contraction 
factors are required to analyze bed shear stress with flow contraction. Therefore, by comparing of 
dimensionless shear stress and flow contraction factors, the agreeable comparison result is selected for 
analyzing bed shear stress. As shown in Table 5.6, r  of each comparison result do not show any significant 
difference, and shows around 0.9. However,       /   vs. (   _    −    _   )/    only shows that r
  is 
larger than 0.9 in the all shear stress equations and the large average r  is calculated than other comparison 
results. Therefore,       /   vs. (   _    −    _   )/    is selected for analyzing bed shear stress in the 
bridge section.
Table 5.6    of the dimensionless shear stress vs. the flow contraction factors
             Shear stress equations
Contraction
factors
vs. dimensionless 
              shear stress
Eq. 2.2 Eq. 2.3 Eq. 2.5 Eq. 2.6 Average
  /   vs. 
   _   /   
0.924 0.933 0.954 0.899 0.928
     /   vs. 
   _   /   
0.906 0.920 0.945 0.911 0.921
  /   vs. 
   _   /   
0.933 0.938 0.956 0.875 0.926
     /   vs. 
   _   /   
0.910 0.919 0.948 0.875 0.913
  /   vs. 
(   _    −    _    )/   
0.928 0.935 0.956 0.896 0.929
     /   vs. 
(   _    −    _    )/   
0.910 0.922 0.947 0.908 0.922
  /   vs. 
(   _    −    _    )/   
0.937 0.940 0.960 0.871 0.927
     /   vs. 
(   _    −    _    )/   
0.915 0.922 0.954 0.871 0.916
As shown in Fig 5.8, (   _    −    _   )/    is proportional to      /   , which shows that the 
dimensionless shear stress is greatly influenced by flow contraction, because (   _    −        ) shows the 
bed shear stress in a complex flow by local acceleration in Section 5.3.2. Thus, flow contraction can increase 
the value of bed shear stress, when the water flows from the approach section to the bridge section. However, 
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it is hard to define which dimensionless shear stress by shear stress equations can show accurate results. 
This is because, value of maximum bed shear stress in the bridge section does not show good agreement 
result. Therefore, reliability of result in the bridge section should be supplemented.
Figure 5.8 Graph of      /   vs. (   _    −    _    )/   
Table 5.7 Equations of regression line in each shear stress equations
Shear stress 
equations
Equations of regression line in Fig. 5.8
Eq. 2.2 (   _       _    )/    = exp(1.3548 ∗      /  ) ∗ 4.8922 Eq. 5.10
Eq. 2.3 (   _       _    )/    = exp(1.4171 ∗      /  ) ∗ 5.3782 Eq. 5.11
Eq. 2.5 (   _       _    )/    = exp(1.1494 ∗      /  ) ∗ 4.0782 Eq. 5.12
Eq. 2.6 (   _       _    )/    = exp(0.8033 ∗      /  ) ∗ 9.1286 Eq. 5.13
5.4. Additional analysis
1) Froude number 
In this study, the Froude number in the approach section is only used from 0.1 to 0.5 in Fig 5.1. Therefore, 
0.5 <Fr<1.0 that is not considered in this experiments. In addition, if there is assumption that uniform flow 
occurs in the approach section, the occurrence ranges of Froude number that is calculated by Manning’s 
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equation is limited about 0.5 to 0.7 in this experiments setting as shown in Fig 5.9. This is because, since 
Froude number in uniform flow is determined by the geometry of the channel, the geometry of the channel 
should be changed for considering other Froude number (0 <Fr <0.5 and 0.7 <Fr <1.0) in the approach 
section. Therefore, generation of various Froude number is required for an additional analysis.
Figure 5.9 Possible relationship with approach Froude number and     in uniform flow condition
2) Roughness
Bed material that is the same as the roughness of concrete or sand bed is used only one in this experiment. 
Therefore, another bed material that has different roughness with this experiment is required for an 
additional analysis. Bed material that is rougher than this experiment can be considered for gravel beds, 
and smoother bed can be considered for smooth bed condition because roughness in this experiment is 
sorted the rough bed.
3) Vorticity
Vorticity is one of variables that induces shear stress. The research that shows this fact is as follows. Liu 
et al. (1998) shows the relationship with the vorticity vector of an eddy and Reynolds stress by using the 
Poisson equation of fluctuating pressure. As shown in Eq. 5.14, bold part is related Reynolds stress ( 
 
′
 
 
′
) 
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and this part derive the vorticity. Therefore, based on the relationship with shear stress and Reynolds stress 
in Section 2.1.2, vorticity can be related shear stress.
∇  ′ = −   2
   
   
   ′
   
+
  
      
   
    ′ −       ′         
= −2 
   
   
    ′
   
+
 
2
(  ′  ′ −   ′  ′         )
Eq. 5.14
Where,  ′: fluctuating pressure,   ′: component of the vorticity vector of an eddy. 
In this study, maximum vorticity is observed near the abutment that is similar with the characteristic of 
maximum bed shear stress. However, the large vorticity is only calculated relatively because the distance
between the intervals of measurement points are relatively wide (3 to 10 cm). Therefore, there is a limitation 
that the large range of vorticity is calculated because it is not suitable for expressing the shear stress in local 
area.
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6. Summary and Conclusions
6.1. Summary
Shear stress is one of the important variables for expressing sediment transport, particle mixing, and 
rheology flow in an open channel. Therefore, many studies have been conducted to predict the precise shear 
stress. However, there is a lack of research on how to predict shear stress in the various flow conditions by 
bridge and how to apply shear stress calculation more easily. Thus, in this study, the appropriate analyzing 
methods using the shear stress equations are summarized in the approach section and the bridge section,
and are suggested the calibrated shear stress equation that is more easily used for calculating shear stress.
In general, shear stress is simply calculated considering the mean velocity and flow depth, but this is only 
applicable to gradually-varied flow. Therefore, the shear stress equations which can be applied to rapidly-
varied flow have been derived by many researchers. Among the several shear stress equations, the shear 
stress equation by using Reynolds stress provides the most accurate shear stress. In this study, seven shear 
stress equations (Eq. 2.2 to 2.8) are used for comparing and analyzing shear stress equations.
In this experiments, three different abutment lengths are installed for occurring different flow contraction
and four different flows are generated each abutment length setting. These experimental conditions make 
two different flows that are backwater in the approach section and rapidly-varied flow in the bridge section. 
The two different flows are precisely measured by using ADV.
Using the measured flow data, flow characteristics are analyzed and the assumptions of shear stress 
equations are verified. In the analysis of flow characteristics, the backwater in the approach section and the 
rapidly-varied flow in the bridge section are confirmed. In the verification of the assumptions of shear stress 
equations, "Eq. 2.2 to 2.8" would be appropriate in the approach section and "Eq. 2.2, 2.3, 2.5, and 2.6" 
would be appropriate in the bridge section for calculating shear stress.
Before analyzing bed shear stress, reference value is selected based on previous studies. Eq. 2.2 in the
approach section and Eq. 2.3 in the bridge section are selected for calculating reference value. In addition, 
flow contraction factors for analyzing bed shear stress are selected the ratio of the discharge or velocity in 
the approach section and the bridge section (     /  ,   /  ,      /  ,   /  ). 
Result of bed shear stress in the approach section shows that   /   and bed shear stress are inversely 
proportional. This shows the general result that the bed shear stress increases as Froude number increases 
because   /   is related with approach Froude number. In the analysis of the adequacy of the shear stress 
equations, Eq. 2.2, 2.3, 2.5, and 2.6 are determined to be appropriate for calculating bed shear stress in the 
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approach section, and the calibrated Eq. 2.4 can be used for predicting bed shear stress. However, Eq. 2.7 
and 2.8 cannot be used for calculating bed shear stress. 
Result of maximum bed shear stress in the bridge section is randomly distributed regardless of flow 
contraction, which shows the flow complexity in the bridge section. However, when the location of 
maximum stress is analyzed, it is confirmed that maximum bed shear stress occurs between the maximum 
velocity line and the abutment. This result shows that maximum bed shear stress occurs in the area of local 
acceleration flow. For analyzing the tendency of maximum bed shear stress according to the flow 
contraction factors (     /  ,   /   ,      /  ,   /  ), dimensionless shear stress expressed as the ratio 
of bed shear stress between the approach section and bridge section (    _    /    and (   _    −
   _   )/   ) is suggested. In the Result of analyzing dimensionless shear stress with flow contraction, 
dimensionless shear stress is proportional to the flow contraction factors because local acceleration around 
bridge increase the bed shear stress from the approach section to the bridge section.
6.2. Conclusions
⸰ Conclusions in the approach section
  Shear stress equations (Eq. 2.2, 2.3, 2.5, 2.6) using the turbulence measurement data show good agreement 
results with flow contraction and are inversely proportional to flow contraction. The other shear stress 
equations (Eq. 2.4, 2.7, 2.8) are not available to calculate shear stress in the approach section because these 
equations are only available in the uniform flow or gradually-varied flow. However, Eq. 2.4 has a similar 
trend with reference value calculated by Eq. 2.2. Therefore, calibrated Eq. 2.4 also shows good agreement 
result with flow contraction. And, the calibrated Eq. 2.4 is only required the vertical velocity profile which 
is easily measured than local turbulent flow that is variable for Eq. 2.2, 2.3, 2.5, and 2.6. Therefore, the 
calibrated Eq. 2.4 is easily used for the engineers and the researchers than other shear stress equations.
⸰ Conclusions in the bridge section
Maximum bed shear stress occurs between maximum velocity line and abutment in all cases and all shear 
stress equations (Eq. 2.2, 2.3, 2.5, 2.6). However, there is no relationship with maximum bed shear stress 
and flow contraction factors. The maximum bed shear stress is just randomly distributed by flow contraction 
factors. Thus, dimensionless shear stress is suggested to find the relationship with flow contraction factors. 
The calculated dimensionless shear stress shows proportional to flow contraction because of local 
acceleration around the bridge. This result shows that the bed shear stress become larger by flow contraction
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along the flume from the approach section to the bridge section, because the dimensionless shear stress is 
ratio between the bed shear stress in the approach section and maximum bed shear stress the bridge section.
⸰ Expected effect of this study
Previous studies only focused on methods for accurate calculation of shear stress, but this study suggests
the appropriate shear stress equations in the approach section and shows the relationship with dimensionless 
shear stress and flow contraction in the bridge section. Especially, the calibrated equations make it possible 
to calculate the shear stress by a simple procedure. Therefore, this study will help to select the appropriate 
analysis methods of shear stress in the approach section and the bridge section.
⸰ Future works
If the experiments are carried out by varying the abutments shape and channel type, the research result can 
be further reinforced. Even if the additional experiments cannot be carried out, numerical experiments will 
help to show the characteristics of shear stress that are not shown in this study. In addition, the another flow 
generation and the calculating vorticity can also provide new analysis results.
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Appendix A
Appendix A-1. Vertical velocity profile at the upstream face of the abutment
Figure A-1.1. Case 1 Figure A-1.2. Case 2
68
Figure A-1.3. Case 3 Figure A-1.4. Case 4
Figure A-1.5. Case 5 Figure A-1.6. Case 6
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Figure A-1.7. Case 7 Figure A-1.8. Case 8
Figure A-1.9. Case 9 Figure A-1.10. Case 10
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Figure A-1.11. Case 11
Figure A-1.12. Case 12
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Appendix A-2. Distribution of velocity vertors measured 5 mm above the bed in the bridge section
Appendix A-2.1. Case 1 Appendix A-2.2. Case 2
Appendix A-2.3. Case 3 Appendix A-2.4. Case 4
Appendix A-2.5. Case 5 Appendix A-2.6. Case 6
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Appendix A-2.7. Case 7 Appendix A-2.8. Case 8
Appendix A-2.9. Case 9 Appendix A-2.10. Case 10
Appendix A-2.11. Case 11 Appendix A-2.12. Case 12
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Appendix B
Appendix B-1. Water surface profile
Figure B-1.1. Case 1 Figure B-1.2. Case 2
Figure B-1.3. Case 3 Figure B-1.4. Case 4
Figure B-1.5. Case 5 Figure B-1.6. Case 6
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Figure B-1.7. Case 7 Figure B-1.8. Case 8
Figure B-1.9. Case 9 Figure B-1.10. Case 10
Figure B-1.11. Case 11 Figure B-1.12. Case 12
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Appendix B-2. Water surface contour in the bridge section
(z)
Figure B-2.1. Case 1 Figure B-2.2. Case 2
Figure B-2.3. Case 3 Figure B-2.4. Case 4
Figure B-2.5. Case 5 Figure B-2.6. Case 6
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Figure B-2.7. Case 7 Figure B-2.8. Case 8
Figure B-2.9. Case 9 Figure B-2.10. Case 10
Figure B-2.11. Case 11 Figure B-2.12. Case 12
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Appendix C
Appendix C-1. Bed shear stress contour and maximum shear stress in each equation in the bridge 
section
(Pa)
(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.1. Case 1
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(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.2. Case 2
(a) Eq. 2.2 (a) Eq. 2.3
79
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.3. Case 3
(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.4. Case 4
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(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.5. Case 5
(a) Eq. 2.2 (a) Eq. 2.3
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(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.6. Case 6
(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.7. Case 7
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(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.8. Case 8
(a) Eq. 2.2 (a) Eq. 2.3
83
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.9. Case 9
(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.10. Case 10
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(a) Eq. 2.2 (a) Eq. 2.3
(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.11. Case 11
(a) Eq. 2.2 (a) Eq. 2.3
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(a) Eq. 2.5 (a) Eq. 2.6
Figure C-1.12. Case 12
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Appendix C-2. Bed shear stress at the upstream face of the abutment
Figure C-2.1. Bed shear stress calculated by 
Eq. 2.2 with Set 1
Figure C-2.2. Bed shear stress calculated by 
Eq. 2.3 with Set 1
Figure C-2.3. Bed shear stress calculated by 
Eq. 2.5 with Set 1
Figure C-2.4. Bed shear stress calculated by 
Eq. 2.6 with Set 1
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Figure C-2.5. Bed shear stress calculated by 
Eq. 2.2 with Set 2
Figure C-2.6. Bed shear stress calculated by 
Eq. 2.3 with Set 2
Figure C-2.7. Bed shear stress calculated by 
Eq. 2.5 with Set 2
Figure C-2.8. Bed shear stress calculated by 
Eq. 2.6 with Set 2
88
Figure C-2.9. Bed shear stress calculated by 
Eq. 2.2 with Set 3
Figure C-2.10. Bed shear stress calculated by 
Eq. 2.3 with Set 3
Figure C-2.11. Bed shear stress calculated by 
Eq. 2.5 with Set 3
Figure C-2.12. Bed shear stress calculated by 
Eq. 2.6 with Set 3
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